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To represent categorical variables,
In ahigh dimensional space,
with ahigh level of noise,

powerful tools of visualization are needed.

Thereisusually atrade-off between:
- the comfort of the representation,
- the transpar ency of the method

- the possibilities of assessment.




Our aim:;
to fill the gap between:

- some black box methods leading to clear
and legible results
(such as Kohonen Self Organizing Maps),

- and the mor e statistically transpar ent
and less constrained techniques of clustering
(used together with principal axes techniques)
whose outputs are often difficult to handle.

We stress here the contribution of
contiquity analysis to such approaches.




The structure of symmetric graph can aptly describe some a priori structures
of observations. chronological observations, geographic information,...

But such a structure can be generated by the multidimensional data
themselves, or by parts of the data set (any binary relationship R) :

Graphsof k nearest neighbours (after « symmetrisation » !)
R(i,J)) meansthat 1 isoneof the k nearest neighbours of |
(k varies from 1 to n, number of observations).

Graphsderived from distance thresnoldst (generaly derived from
guantilesof distances). R(i,)) meansthat d(i,|) <= t.

We will show that such graphs constitute a (the?) missing link between
clustering and classification on the one hand, and principal axestechnigues

on the other.
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We consider a set of multivariate
observations, n objects
described by p variables, leading
to amatrix Y, whose rows have
an a priori graph structure.

The n objects are the vertices of
a symmetric graph G whose
associated (n, n) matrix isM .

(m;;. =1 if verticesi and I' are
joined by an edge, m;;, =0
otherwise).

G: Partition: three
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1) In afirst step, the graph structure could be considered as
external (geographic areas, time series).

2) Then we consider the situation in which the graph structure is
not external, but derived from the matrix Y itself,

(e.g.: The series of graphs of k-nearest neighbours).

The idea of deriving from data a metric likely to highlight the
existence of clusters dates back to:

ART, D., GNANADESIKAN, R., KETTENRING, J.R. (1982).
Data Based Metrics for Cluster Analysis, Utilitas Mathematica, 21 A, 75--99.

3) Eventually, we will mention the case of a graph derived from
a part (some columns) of the data matrix Y, or from
supplementary columns (instrumental variables).



The n objects (rows of Y) are the vertices of a symmetric graph G
whose associated (n, n) matrix isM .

M. =1 if verticesi and I' are joined by an edge, M. = 0 otherwise.
m=>m. (number of edges of G)

Local variance Ve(y) = (1/ Zm)z m.. (yi — yi.)2

Global variance v(y) = (1/ 2n(n_1))z (yi — yi.)2

(The classical empirical variance is a particular case of local variance
when the graph iscomplete, i.e. M =1foraliandi’)

Contiguity coefficient (Geary, 1954, after Moran and VVon Neumann)

c(y) = v*(y) / W(y)



« Corrected » definitions of local variance,
new contiguity coefficient

New Local variance
m* — (1/ ni)z M Yie
V¥ (y) =@/ (y —m)°

New Contiguity coefficient

c(y) = v*(y) / w(y)

With, as usual,

v(y) =n3.(y, -m )



Defining the diagonal matrix N (matrix of degrees) such that

Ni= 2xMi
c(y) reads, in matrix form (U = matrix associated to a complete graph):

oy) = y (1-NIMY (I-NM)y [ y (I -(@n)U)y

The (p, p) local covariance matrix V* isthen defined

V* = (Un) Y'(l -NIM) (I -NIM)Y

This matrix, together with the corresponding correlation matrix provide
a powerful tool for studying partial correlation when the graph
Is derived from a set of « instrumental variables ».



Example of a graph G (n = 25) associated with
a squared lattice

1 2 3 4 5
6 / 8 9 i
il 12 13 14 "
16 17 18 |19 20
21 2 2 24 25

and 1ts associated matrix M =
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matrix

1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

M

11 0 0 01 o 0O OO OO OOOO O O0OO0OO0ODUO0ODUO0OTUO0OO® O0OSGOo
111 0 0 01 0O O OO OOO OO O O O0OO0OO0ODO0OOUO0UWO0DUOo
6111 0 0 O 1 0 O OOOOUO0OWO0OUO0UO0OLO0OUO0OO0OO0OO0OO0oOo0
o 11100 O011O0O0OO0O0O0OO0OO0OO0O0OO0OTUO0OO0OO0OTUO0TO0OTGOo
0 0o o1 100 0 01 0 O0OOOOOOUO0O0UOTGOUOO®OTGOUOTUG OGO
10 0 0 0O1 1210001 O OOOOOUOUOOU OUOOUOO®OOSGOo
01 0 o0 01 110 0 O1 0 OOO0OWO0OUO0OUO0OUO0OTUO0OUO0ODTUO0OTO0OTOo
0 o1 o 0061 12200 01 0 0O O0OO0OOO0OUO0ODO0OTUO0OTO0OTUGO0O0
o 0 o1 6060 01 2200 01 0 0O OO OO0OO0OO0OTGO0OTGO0OTPO
0 0o o o1 6060 01 1 0 0 OOT1WO0UO0O0OO0UO0ODO0OTUO0OO0OTUO0O
o 0 oo o1 0o 0o 0o 0O1 100 01 0 0 0 0 O0O0 0 0O
O 0 oo o001 o0 0611200 01 00 0 0 0 O00@O0
0O o o oo oo1 o0 60111 00010 0 0 0 0 00O
o 0 oo o000 01 6060 011100 O0O1 O0O0O0 O O0TUO0
0O 0o oo o 0OO0 0OO0O1 O0OO0OOI1I1TW0U0O0OO0M1IO0 0 0 00O
O 0 oo o OO OO O1 0 O0OOOI1T1O0O0OO0O1TO0O0o0o0
O 0 oo o 0OOOOOO11TO0OUO0OUOIIT11O0O0O0D11O0TG0TGO0
0O 0o oo 0o OO0 OOOOOTI 1TO0OUO0OLOI1111O0O0O01 00O
0O 0 oo o OO O O OOOOI11TMO0OO00MO0OMI11ITTI11ITT1TO0O0UO0T1TTO0
0O 0o 0o o 0o OO OOOOOUOOT11O0OTGO0OUGOOLI1IT1Oo0U0001
0O 0o 0o o 0o OO OOOOOUOWOUOI ~1O0WO0OTO0O0OLTI1TT1To0 00O
O 0 oo 0o OO OO OOOOOUOUOI1LO0UO0OUO0OTI11TI1TT1TH0o00o0
0O 0o 0o o 0o OO OOOOOUOWOUOOOTI 1O0WO0OO0OTI11TTI1IT10o0
0O 0 oo o OO O O OOOOOUOUOOUOTI11O0O0O0OTI1ITT1:1
0O 0o 0o o 0o OO OOOOOUOWUOUOOTOUOOTI11Oo0O0O0OTI1I1
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Condensed
numerical
coding of
matrix M
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Description of chessboard G through
Principal Component Analysis of M

13



Description of chessboard G through
Correspondence Analysis of M
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Chessboard:
Axes 1 and 4
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Axes7 and 8

1 Chessboard:




Note that the calculations involved in the CA of such typical graphs could be
carried out directly, without the help of a computer.

In the case of asimpler graph (a chain) the description through CA leads to
the relationship: Ma= A a, which leadsto a simple finite difference

equation.
a,+a,=A1a

5 €0a(j)=cos(2ja7[j ¢a(j)=sin(2jr(fﬂj

n

A chessboard can then be defined asa“ tensorial sum of chains”, and the
final results analytically derived from those of the chain (see : Benzécri,
1973). Note the analogy with the eigen-vectors of a L aplace operator.
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Properties of the « Laplacian » (matrix: N - M) of agraph:
Some references...

CHUNG F.R.K., Spectral Graph Theory. CBMS Reg. Conf. Ser.
Math. 92, American Mathematical Society, 1997.

KOREN Y., CARMEL L., HAREL D., ACE: aFast Multiscale
Eigenvectors Computation for Drawing Huge Graphs,
Proceedings of |EEE Information Visualization, 2002, p 137-144.

MOHAR B., The Laplacian Spectrum of Graphs, Graph Theory,
Combinatorics and Application, 2, 1991, p 871-898.

MOHAR B., Some Applications of Laplace Eigenvalues of Graphs, Graph
Symmetry, Algebraic Methods and Application, Hahn G., Sabidussi G.,
NATO Ser. C., 497, Kluwer, 1997, p 225-275.
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Explaining the good quality of the visualization:

Local variance=y'(1 - N*M)" (1 -N1M) vy
Global variance=y’y

Boundsfor c(y) = contiguity coefficient.
cy) = y'(I-NM) (I-N*M)y/yy
the minimum of c(y), x, isthe sguare root of the smallest eigenvalue 2 of:

(I-NAM)' (1 -NM) y =7y

If thegraphisregular, Nt=(1r)l
(I-(WNM)* y =y

(I-NM)y =pvy
Equivaently: NM v =(7 —u)vy

Z1



We have obtained, uptonow: N-M y =(7 —u)y

Note the transition formula, (no: formulae, owing to symmetry!)
NIM ¢ =&VA ¢

(formula drawn from the Correspondence Analysis of matrix M )

If £=+1, direct factor,
If &£=-1, inverse factor.
(See, e.g., the analysis of confusion matrices).

Then: Min[c(y)] = Min 1 =Max 4, [ =A_ if (g=+1)]

ﬂ‘max
Thus: Min[ c(y)] =1- V4,
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Paradoxical measurement of information : case of a cycle

O 1001
1 0100 2 5
M={0 10 10
O 0101
1 00 1 0] ) f
_ jar . . (2]ar
o (D)=cos| 29T 4 (j)=sin| 2L
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The contiguity ratio can be generalized :
a) to different distances between vertices in the graph,

b) to multivariate observations

(For Geary coefficient, both generalizations are dealt with in: Lebart, 1969).

a) The graph corresponding to the distance defined as* the shortest
path of length k between two vertices” is associated to the matrix
M® — M &1 where M & designates the k-th booleean power of the
matrix (I + M).

Therefore, it Is easy to test the significance of spatial auto-correlation, so long
as these distances on the graph remain meaningful.

This approach provides avariant, in the graph case, of the variogram used in
geostatistics, as presented in the seminal papers of Matheron (1963, 1965).
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D) Generalization to multivariate observations

Let Y'u bethe vector of the n values of alinear combination u
of the p variables.

Then, its contiguity coefficient is defined likewise:

c(uy = u"'V*u /u'Vu

..inwhich V* = (I/n)Y'(I -NM) (I -NM)Y
Isthe (p, p) local covariance matrix V*

25



Contiguity analysisis the search for the minima of c(u):

c(u) u'v*u /u'Vvu

It reduced to Fisher Linear Discriminant Analysisif G is associated with
a partition graph.

C(u) allows one to deal with overlapping clusters, fuzzy partition, ...
26



External graphs: Partial correlation

Thelocal covariance matrix and its related correlation matrix
can define alocal context for any set of instrumental variables.

V* = (Un) Y'(1 - NIMY (I -NIM)Y

M could be defined such that: m(i,j) =1 iff d2(z, zj) <to
(without “border effects’).

- See Kendall (1941), Mantel, (1967), Quade (1974), Hubert (1985).
ComparisonwithV* = (UnN)Y'(| -Z2(2°2)1Z2) (| -Z(Z2’2)*Z2) Y

- « Quasi-Polynomial regression » instead of linear regression.
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Internal graphs

Theideaisto describe the local structure with a graph:

=>» The k-nearest neighboursgraph (1 < k << n)

=> A distance threshold graph

Thelocal covariance matrix defined via such graphs, through the formula
V* = (Un) Y'(1-NIMY (I -NIM)Y

could delinearize the search for the principal axe...

28
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3 nearest
neighbours

graph
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Example of unfolding

S

The distance threshold d must be less than d,, to allows
the contiguity analysis to unfold the scattering diagram
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Example l: Anderson -Fisher Iris data set:

The 3 apriori categories could be ignored...

The behavior of the series of nearest neighbours graphsis stressed

1 5.10 3.50 1.40 .20 1
2 4.90 3.00 1.40 .20 1
3 4.7/0 3.20 1.30 .20 1
4 4.60 3.10 1.50 .20 1
51 7.00 3.20 4.70 1.40 2
52 6.40 3.20 4.50 1.50 2
53 6.90 3.10 4.90 1.50 2
101 6.30 3.30 6.00 2.50 3
102 5.80 2.70 5.10 1.90 3
103 7.10 3.00 5.90 2.10 3



Processing Irisdata

PCA
Visualization (V)

External specific contiguity graph: Fisher discrimination
(V)

Some nearest neighbours graphs (V)
Contiguity analysis (V)

Some threshold graphs
Contiguity analysis (V).

Numerical synthesis...
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—— crit. W/T - Contiguity Analysis - = W/T- PCA = WI/T- Fisher Discr.
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Conclusion

- Transparency of the process (analytical solutions)

- Extension of linear disriminant analysis to more complex patterns

- Possibility of robust PCA and non linear partial correlation.

- Possibility of assessment.
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